Monte Carlo Shortest Paths for Physical Agents

Juan-Antonio Fernandez-Madrigal
Tech. Report, March 2008

System Engineering and Automation Dpt.
University of Malaga

1. Introduction

In this report we review the problem of searching shortest paths in directed graphs where the weights of
the edges are positive probabilistic measures, with a perspective on application to physical agents (for a
more in-depth and theoretical analysis see [1] and [2]). In particular, we use weights that are samples drawn
from some stochastic process, for example produced by a mobile robot navigating between two distinctive
places of a topological map able to measure time, energy, distance, etc. after navigation. In that kind of
applications it is difficult to assume any specific model in the probability distributions of weights (although
normality may be reasonable for complex processes as long as negative values are permitted). We just
assume that the weight of an edge is independent on the weights of any other; they may be even drawn
from probability distributions with different shapes and parameters. Under those assumptions, we review
the most suitable approaches for stochastic shortest paths, and show how to adapt them to Monte Carlo
sampled distributions.

2. The Stochastic Graph Model

There is a wide literature in the subject of stochastic shortest paths in directed graphs. The general model
is as follows.

Def. 1. A directed, Monte Carlo stochastically-weighted graph (MC-graph from now on) is a tuple
G=(V,E,p,A,p), where Vis a finite (possibly empty) set of vertices (nodes), E is a finite (possibly
empty) set of non-reflexive, non-parallel edges (arcs), p is the unknown ground truth probability
distribution from which the weights of edges are drawn, « is the history of weights actually
sampled from that distribution, and ) is a probability estimation of p based on that history. More
specifically’,
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Thus the weight of an edge can be measured through an unknown stochastic process that produces
positive real numbers according to some unknown probability density function p (which can include not
only stochastic effects internal to the process but also partial observability). The graph also holds the
history of weights produced by that process up to the moment, represented for each edge e, by a
(possibly empty) set w(e,) . A Monte Carlo estimation of the stochastic weight of an edge can be formed
from the sampled weights in the history of that edge by using the estimator j (notice that in a Monte
Carlo representation of a pdf, all the samples are considered equally probable; the sum of their
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importances is > (el =1). The notation s,(x) is a Dirac's delta defined on all the possible values of
w;,Ew(e;) i

x with the peak at x=a. By the law of large numbers, the Monte Carlo estimation approaches better the
ground truth value of p as the number of samples increases.

3. Probabilistic Shortest Path

In this section we focus on different ways of obtaining optimal paths in MC-graphs, first by maintaining all
the information of the stochastic weights, then (more efficiently but with higher risk) by reducing
information and representing only the first moments of the weights.

3.1. Using the Complete Stochastic Weights

In this subsection we explore the direct use of the stochastic weights without simplifying them to single
values. Without reducing weights to single values, there are a number of possible optimality indexes that
can be defined on weights (see [2]). We will employ the one presented in [3] that consists of considering
optimal the path that is most probably the shortest one”.

Sum of Weights

The first basic requirement for a shortest path algorithm is to be able to sum the weights along a given
path (sequence of edges). In our case, that should be done by summing up the corresponding probability
distributions given by , , but since that is not known, we estimate it by using the samples gathered by »
and making up a new distribution for the sum of weights. The formal way to obtain that estimation is as
follows. Let say that the random variable x,. represents the weights sampled from p,(x). Then we can
define a new random variable which is the sum of two of these r.vs., let say u=x,+x, . If we also define
another auxiliary r.v. v=x, then the pair (u,v) is biunivocally linked to the pair (x,,x,) and thus we can
set up the inverse relations x,=u-v and x=v as functions. We are interested in the probability
distribution of u, which can be obtained by marginalization over v of the joint probability distribution of
(u,v) . In turn, this latter distribution can be deduced from the joint probability distribution of (x,,x,) by
using the defined inverse relations [5]:

2 A different perspective would be to use a Markov Decision Process model to solve the problem; however it only allows
for obtaining an optimal path with respect to the expected weights of edges (rewards), and thus most of the stochastic
information would be lost [4]. Still another perspective is to use a linear programming approach to find the path that is
shortest with a probability greater than a given threshold, but that is demonstrated to be sensitive to the length of the
paths[2].
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is its determinant. With our definition of (u,v), that determinant is 1, and since (x,,x,) are independent
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By using the fact that §,(x—a)=s,,,(x) and the same Dirac's behavior described in footnote 7,
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which is a new Monte Carlo distribution with new samples (more than the original pdfs, concretely
wle,)|w(e,)] ).
Equation (3.4) defines an addition operator for sampled pdfs which is both commutative and
associative. In general, the sum of the weights associated to a sequence of edges (e,,e,,...,e,), thatis, the
stochastic weight of a path, as long as its edges are not repeated®, is:
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Notice that this operator involves an exponential growth of the number of samples for representing the
result. We do not deal with techniques for reducing that (while losing precision) since, as we will see further
on, there is no tractable algorithm for finding shortest paths using these distributions.

Ordering of Weights, Optimality of Paths, and the Dynamic Programming Assumption

The second basic requirement for a shortest path algorithm is that there exists an order in the weights
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of the edges, and therefore in their sum, for deciding the optimality of a path with respect to others. In
addition, if efficient globally optimal path searching is intended through dynamic programming’ then a
path being optimal must imply that its subpaths are also optimal, therefore the ordering of weights being a
total order is a sufficient condition. Unfortunately, that is not true in a MC-graph since weights are not real
numbers but sampled probability distributions. We will see that when using the most probably shortest
path as optimality index, the dynamic programming assumption does not hold and therefore an exhaustive
(possibly computationally intractable) search must be carried out.

Our weight ordering is based on the probability of the weight of an edge to be smaller than or equal to
the weight of another, which, assuming independence between samples, is%
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In the case of a Monte Carlo representation of the probability distributions, that exact value can be
approximated as’:
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or in words: the probability that any measured weight of an edge is smaller than or equal to any measured
weight of another edge is proportional to the number of sampled weights from the second edge that are
greater than or equal to each sampled weight of the first edge. If instead of “smaller than or equal to” we
want an stricter “smaller than”, the estimation would be:

ORI S . | (3-8)
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Equation (3.8) induces a partial order in the space of our stochastic weights: a sampled pdf for the
weights of an edge e, will be considered strictly smaller than the one of another edge e, if and only if
YV X~p,,Y~p,: Pylx<y)=1, or conversely, ¥V x~p,,y~p,: p,(y<x)=0. Otherwise both sampled pdfs will
be considered incomparable®. If we wish to relax the mentioned requirement, we could set the weight of

5 The dynamic programming assumption is efficient (tractable) since it leads to the possibility of doing alocal search for
finding the global optimal path.

6 Wedo not explicitly write down the graph to which we refer as long as it does not lead to ambiguity.

7 This deduction only uses the fact that the integral of the Dirac's delta over the portion where its peak liesis 1 and the
integral of the Dirac's delta times some function over the domain of that function (as long as the peak of the delta also
lieswithin that domain) is the value of the function at the peak of the delta. Expression |A| denotes the size (humber of
elements) of set A.

8 They will be equal only if their respective histories of sampled weights contain the same elements.
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e smaller than the one of e iff VX~po, Y ~P: PyX<y)=m or  conversely
YV X~p, , V~pe: Py(Y<X)<1-m , where re[0,1] is a threshold (1 for no threshold, 0 for setting all the pdfs
as incomparable). In this way, we sacrifice decision power in the shortest path search for the sake of
diminishing, for example, the influence of outliers or sporadic measure errors.

Now we turn into demonstrating if the dynamic programming assumption holds with the defined
optimality measure. lLet say that there are two different paths a,=(e, ,,e, ,,..,e, ) and
A,=(€e, 1,6, , ..., ) that connect vertex v, to vertex v,. Since the total weights of both paths are
sampled pdfs (recall equation (3.5)), we do not lose generality if consider those paths as single edges, let say
e, and e, respectively, that is, the paths total weights are sampled pdfs that can be written as

wle,) wie,)
ﬁAl(x):lw(l—elng,éwls(x) and ﬁ’“(x):mf(la”(x)’ respectively, where |w(e,) is the number of
samples from the pdf of the complete path a, (which in turn is the product of the number of samples
trom all the edges of the path, according to (3.5)), and w,, are those samples, each one being the sum of
one sample taken from each edge of the path.

Now assume that there is another edge e'=(v,,v.) that may extend both paths. For the dynamic
programming assumption to hold, the extension must preserve the optimality in the set {A;,,) , that s,

A <A, =A;0e' <A 0e! 3.9

where the “less than” comparison between paths is an abbreviation for p(p, <4, )=1 (and p(p, o <py .e)=1,
respectively) and the - operation is the concatenation of a new edge to the end of an existing path to
form a new path.

By using (3.4), the sampled pdfs for the extended paths are

o (3.10)
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respectively. The probability that the former is smaller than the latter is, using (3.8),
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On the other hand, the probability for a,<a, is
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By hypothesis, we consider (3.12) to equal one, which only occurs if all the w,ew(e,) are greater than
any wew(e;) . Inserting that hypothesis into equation (3.11) yields:
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The second term of this last equation counts the number of pairs taken from the extended path a,ce’
in which the sum of the weight samples of the pair is smaller than any pair of samples from the extended
path a,ce'. That is, the term reflects a lost of optimality of A, in favour of A, resulting from extending

both paths with e'. If and only if that term is zero, PPr.e<Pre) is 1 and the dynamic programming

assumption is satisfied.
For clarifying this result, consider that the samples of the weights of e,, e,, and e' are not empty,
and thus they have maxima and minima that define three intervals: [m,, M ]=[min(w/(e,)), max(w(e,))],

[m,, M,]=[min(w(e,)), max(w(e,))] , and [m', M']=[min(w(e")), max(w(e"))] respectively, with
m,>M, = m,—M,>0 if the hypothesis p(p, <p,)=1 holds. The extended paths have the corresponding
intervals  [m',,M'/|=[m;+m' ,M,+M'] and [m',,M',]=[m,+m',M,+M']. Under this interval based
formulation, the dynamic  programming  assumption  holds it and only  if

m,+m'>M,+M' = m,—M,;>M'-m', which cannot be completely assured in any graph.
3.2. Summarizing Weights into Single Values

One possible solution to the intractability of shortest path search when considering the weights of
edges as complete probability distributions is to summarize the weights into single real values, for example
the mean of the distributions or a function of the first moments [7]. In the following we will use as the
new weights of the edges a cost or utility function:

C(e,)ZE[per(X)]+/<0'2[per(x)] (3.14)

Notice that with this definition for the cost function, due to the linearity of expectation and variance
(the latter because the involved variables are independent and unscaled), the sum of costs satisfies:
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Thus we have a well defined deterministic cost with a total order, and thus the dynamic programming

assumption holds and for example the Dijkstra's algorithm [6], which has a computational cost of O(|V)
(see Fig. 1), can be applied. However, we cannot use any algorithm yet from our definition of costs, since



the pdfs p(x) are unknown. We have to obtain an statistical approximation from our sampled distributions
p(x) . An unbiased estimator of the real mean and variance are the statistical sample mean and variance:
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This approach also has the advantage that the sum of weights does not increment the number of
samples in the sampled pdfs, thus it is memory efficient.

1 Dijkstra(Graph, SourceVertex)

2 dist <- array of |V| // min. dist. to each vertex from SourceVertex

3 dist[u<>SourceVertex] <- infinity

4 dist[SourceVertex] <- 0

5 previous <- array of |V]| // previous vertex of each vertex when
// following shortest paths backwards to
// SourceVertex

6 Q <- Graph

7 while Q is not empty:

8 u <- vertex w in Q with least dist[w]

9 delete u from Q // for preventing cycles

10 for each destination vertex v in Q following an edge from u

11 alt <- dist[u] + length(u, wv)

12 if (alt < dist([v]) then

13 dist[v] <- alt

14 previous|[v] <- u

15 end if

16 end for

17 end while

18 return previous

Fig. 1. Deterministic shortest path Dijkstra's algorihtm in pseudocode.

4. Extensions

There are three evident extensions to the work presented here: 1) to extend the formalization to negative
weights and use the Bellman-Ford algorithm instead of the Dijkstra's; ii) to include more prior information
about the probability distributions of weights in order to enhance the estimations (in this report we rely on
the law of large numbers exclusively, which may have a poor convergence), for example bayesian or
recursive bayesian approaches; iii) to evaluate more precisely the estimation error of using sampled pdfs.
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