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1 Introduction

In this document we deduce a tabular algorithm for True On-Line SARSA(λ) from the
non-tabular, linear approximation in [1]. True On-Line SARSA(λ) boosts the perfor-
mance of a classical SARSA algorithm by using the same elegibility traces technique of
TD(λ) and thus doing multiple backups at each iteration; however, TOLSL guarantees
that these backups are true equivalent of the forward model (looking at the future) on
which the eligibility traces (looking at the past) are based, while SARSA is only an
approximation to that.

In any of these algorithms, the proportion of change to be made at iteration k in
the value of Q(s, a) corresponding to the backup is stored and it decays at each further
iteration if state s is not visited; initially, these eligibility traces are set to 0 for all states
and actions.

2 The linear case

The True On-Line SARSA(λ) algorithm presented here for the tabular case has been
deduced from the one at [1] (p. 307). There, the algorithm is presented in its form for
a general linear approximation of the Q function; concretely, they do:
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Q(s, a,w) ' wT · x(s, a) (1)

where w is a m×1 vector that maps linearly the also m×1 vector x(s, a) of features into
the approximate value function Q(s, a). The mapping w is updated at each iteration
to improve that approximation, while the features must be defined previously for all
given pairs (s, a). The idea is that a finite number of features (m) suffices to represent
faithfully enough the actual Q function, at least at the most interesting (s, a) pairs.

Also, in the linear case the eligibility traces are defined as an m× 1 vector z.

3 The tabular case

In a tabular formulation of the algorithm, we pursue that at every step the values stored
in the Q matrix coincide with the ones that a continuous linear approximation would
yield at the given (s, a) pairs. The simplest way of accomplishing that is to assimilate the
tabular case to a state aggregation formulation of the continuous action-value function,
i.e., each discrete state/action pair will be identified by one of the features x of the
linear case being 1 and the rest 0. If both learning modes (discrete and continuous) are
to produce the same results, the values of theQmatrix in the tabular case should coincide
with the values of the weights w in the linear formulation; learning will be equivalent
in both (assuming the same sequence of experiences) if that coincidence occurs at every
step.

We can formalize this equivalence, based on a tabular setting with S states and A
actions, and with m = S ×A, as follows:

wT = {q1,1, q1,2, · · · , q1,A, q2,1, · · · , q2,A, · · · qS,1, qS,2, · · · qS,A}
xT (s, a) = {0, 0, 0, · · · , 0, 1︸︷︷︸

at position (s−1)·A+a+1, i.e., at qs,a

, 0, · · · , 0} (2)

where qi,j are the value stored in Q(i, j) in the tabular case. With this definition, state
aggregation is achieved: Q(s, a,w) = wT · x(s, a) = qs,a.

3.1 Calculating δk

δk is the change to produce in the value Qk(sk, ak) at the pair (sk, ak) during iteration
k, where sk is the state of the agent at the beginning of that iteration and ak the action
selected to do then.
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If, after doing the action, the agent gets at state s′k, obtains reward rk, and selects a′k
as the next action to do, the update on Q(sk, ak) should be, in the linear approximation
algorithm:

δk = rk + γQ′k −Qk

with Qk = wTx(sk, ak) = qsk,akk

Q′k = wTx(s′k, a
′
k) = q

s′k,a
′
k

k

therefore:

δk = rk + γq
s′k,a

′
k

k − qsk,akk

(3)

Recall that qi,jk is the value that was stored in the (i, j) entry of the Q matrix at the
end of the previous iteration in the case of a tabular SARSA.

3.2 Updating traces

After δk, the linear approximation algorithm updates all eligibility traces at once. In the
linear case this is done with:

zk+1︸︷︷︸
m×1

= λγzk︸ ︷︷ ︸
m×1

+

1− αγλ zTx(sk, ak)︸ ︷︷ ︸
1×1

x(sk, ak)︸ ︷︷ ︸
m×1

(4)

where (sk, ak) is the state and action at the beginning of iteration k.

In our tabular mapping (recall section 3, eq. 2), m = S ×A, and thus each element
in z corresponds to the eligibility trace e(s, a) of a given pair (s, a). Therefore, we can
update the trace of any pair (i, j) as follows, because x(s, a) has 1 only in the position
corresponding to (s, a) and 0 everywhere else:
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ek+1(i, j) =

{
λγek(sk, ak) + (1− αγλek(sk, ak)) · 1 if (i, j) = (sk, ak)

λγek(i, j) otherwise

Rearranging terms in the first case:

ek+1(i, j) =

{
λγ(1− α)ek(sk, ak) + 1 if (i, j) = (sk, ak)

λγek(i, j) otherwise

(5)

3.3 Updating the Q matrix

In the linear case, the Q function is approximated through the w vector, that is updated
this way:

wk+1 = wk + α · (δk +Qk −Qoldk ) · zk+1 − α · (Qk −Qoldk ) · x(sk, ak) (6)

Here, Qoldk is a scalar that is updated at iteration k − 1 as Qoldk = Q′k = q
s′k−1,a

′
k−1

k−1
(initially, Qold1 = 0). Also, in our case Qk = qsk,akk .

Substituting the values for the tabular case, and recalling that the w vector has
m = S × A entries, each one corresponding to a pair (s, a), we can compute the new
value of each entry of our Q matrix this way:

qi,jk+1 =

{
qsk,akk + α ·

(
δk + qsk,akk −Qoldk

)
· ek+1(sk, ak)− α ·

(
qsk,akk −Qoldk

)
· 1 (i, j) = (sk, ak)

qi,jk + α ·
(
δk + qsk,akk −Qoldk

)
· ek+1(i, j) otherwise

(7)

Substituting Qoldk , the concrete iterations to use in that term are revealed:

qi,jk+1 =

q
sk,ak
k + α ·

(
δk + qsk,akk − qs

′
k−1,a

′
k−1

k−1

)
· ek+1(sk, ak)− α ·

(
qsk,akk − qs

′
k−1,a

′
k−1

k−1

)
(i, j) = (sk, ak)

qi,jk + α ·
(
δk + qsk,akk − qs

′
k−1,a

′
k−1

k−1

)
· ek+1(i, j) otherwise

(8)
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3.4 Complete algorithm

In order to get a practical algorithm, we add a limit to the number of eligibility traces
updated at each iteration, as explained in [2]: basically, we keep a FIFO queue of past
states of maximum size n; those states in the queue are the only ones to be considered for
the traces backup. Thus, a trace must have a minimum threshold τ for being considered
in the backup. The relation between n and τ is explained in that paper: n < b Ln(τ)Ln(γλ)c.

In episodic learning, the TOSL parameters (queue of past states, eligibility traces,
etc.) should be reset at the end of each episode as long as that ending state is not the
initial state of the next episode; otherwise, the TOSL algorithm is misled.

Also, in [2] the following parameters are advised for a diversity of robotic tasks:
λ = 0.9, α = 0.1, γ = 0.9, τ = 0.01, n > 21.85, and a softmax / Boltzmann action
selection strategy with T = 1.
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Algorithm 1 Tabular True On-Line SARSA(λ) with limited traces

1: function Tab TOLSλ step(k, Fk, ek, Q
M
k , Q

old
k , sk, ak, rk, s

′
k, a
′
k; γ, α, λ, τ, n, S,A)

(ak has been executed, rk and s′k obtained, and a′k chosen already; QM is the Q
matrix)

2: if k = 1 then . k: iteration within episode, from 1
3: Fk ← ∅ . Clear FIFO buffer of past states
4: ek ← 0S×A . e is the eligibility traces matrix
5: Qoldk ← 0
6: end if

7: Fk+1 ← Fk
8: if sk ∈ Fk+1 then (at most, one appearance of sk can be found)
9: Extract sk from Fk+1

10: end if
11: Push sk into Fk+1 while keeping size(Fk+1) ≤ n (erasing oldest element if not)

12: QMk+1 ← QMk
13: ek+1 ← ek
14: δk ← rk + γQMk (s′k, a

′
k)−QMk (sk, ak)

15: Qdiffk ← QMk (sk, ak)−Qoldk
16: for all i ∈ Fk+1 do
17: for all j ∈ [1, A] do
18: if (i, j) 6= (sk, ak) then
19: if ek(i, j) > τ then
20: ek+1(i, j)← γλ · ek(i, j)
21: QMk+1(i, j)← QMk (i, j) + α ·

(
δk +Qdiffk

)
· ek+1(i, j)

22: else
23: ek+1(i, j)← 0
24: end if
25: else
26: ek+1(sk, ak)← γλ(1− α) · ek(sk, ak) + 1

27: QMk+1(sk, ak)← QMk (sk, ak) +α ·
(
δk +Qdiffk

)
· ek+1(sk, ak)−α ·Qdiffk

28: end if
29: end for
30: end for

31: Qoldk+1 ← QMk (s′k, a
′
k)

32: return Fk+1, ek+1, Q
M
k+1, Q

old
k+1 (sk+1 ← s′k, ak+1 ← a′k)

33: end function
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